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Abstract Composite particles made of two fermions
can be treated as ideal elementary bosons as long as the
constituent fermions are sufficiently entangled. In that
case, the Pauli principle acting on the parts does not
jeopardise the bosonic behaviour of the whole. An indic-
ator for bosonic quality is the composite boson normal-
isation ratio χN+1/χN of a state of N composites. This
quantity is prohibitively complicated to compute exactly
for realistic two-fermion wavefunctions and large com-
posite numbers N . Here, we provide an efficient char-
acterisation in terms of the purity P and the largest
eigenvalue λ1 of the reduced single-fermion state. We
find the states that extremise χN for given P and λ1,
and we provide easily evaluable, saturable upper and
lower bounds for the normalisation ratio. Our results
strengthen the relationship between the bosonic qual-
ity of a composite particle and the entanglement of its
constituents.
1 Introduction
At all physical scales, bosons and fermions emerge as the
two fundamental species for identical particles, insep-
arably connected to their characteristic behaviour: The
Pauli principle forbids two fermions to occupy the same
state, while bosonic bunching favours such multiple oc-
cupation.
We routinely treat composite particles made of an
even number of fermionic constituents as bosons, which
seems justified a-posteriori by the success of such de-
scription: From pions composed of two quarks [1] to mo-
lecules made of a large number of electrons and nuclei
[2], bosonic behavior is truly universal. At first sight,
however, the Pauli principle that acts on the fermionic
parts seems to jeopardise the bosonic behaviour of the
whole. Notwithstanding this apparent obstacle, a micro-
scopic theoretical treatment of two-fermion compounds
explains the emergence of ideally behaving composite
bosons: A compound of two fermions exhibits bosonic
behaviour as long as the constituent fermions are suf-
ficiently entangled [3–5], such that they effectively do
not compete for single-fermion states and remain un-
disturbed by the Pauli principle [6, 7]. This observation
connects our understanding of the almost perfect bosonic
behaviour at all scales ranging from sub-nuclear physics
[1] to ultracold molecules [2] with the tools and concepts
of quantum information [4, 8, 9].
The composite boson normalisation ratio χN+1/χN
[3, 10–13] of states with N + 1 and N cobosons (com-
posite bosons) captures the above argument quantitat-
ively, as we discuss in more detail below. When it is close
to unity, cobosons can be treated as elementary bosons
[3], while deviations are observable in the statistical be-
haviour of the compounds [14–21]. The normalisation
factor χN depends on the two-fermion wavefunction and
answers our above question: “How bosonic is a pair of
fermions?” Moreover, the argument can be taken to the
realm of Cooper-pairs [22] and composites made of two
elementary bosons, for which a similar analysis is pos-
sible [3, 23].
The exact evaluation of χN becomes quickly unfeas-
ible when the number of cobosons N and the number of
relevant single-fermion states S are large, which makes
approximations desirable. Simple saturable bounds to
χN as a function of the purity P of the single-fermion
reduced state were derived in Refs. [12, 24] and an el-
egant algebraic approach to prove such bounds was put
forward in [10]. For very small purities, P  1/N2, the
upper and lower bounds converge, which yields an excel-
lent characterisation of the emerging coboson. For mod-
erate values of the purity P ∼ 1/N , however, a consider-
able gap between the lower and the upper bound opens
up [24]. In this regime, the P -dependent bounds do not
characterise the coboson very well, and tighter bounds
are desirable.
Here, we derive bounds for the normalisation factor
χN and for the normalisation ratio χN+1/χN for two-
fermion cobosons which depend on the purity P and on
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the largest eigenvalue λ1 of the single-fermion density
matrix ρˆ(a), introduced below. The bounds can be evalu-
ated efficiently for very large composite numbers N , and
we show that they permit a significantly more precise
characterisation of two-fermion cobosons than bounds
in P alone [12, 24].
We introduce the physics of cobosons and motivate
the importance of the normalisation ratio in Section 2.
Our main result, a set of saturable bounds for the nor-
malisation ratio, is derived in Section 3. Examples and a
discussion of the bounds are given in Section 4. An out-
look on possible future developments that take into ac-
count further characteristics of the wavefunction is given
in Section 5. Technical details regarding the derivation
of the bounds are given in the Appendices A and B.
2 Algebraic description of cobosons
2.1 Coboson normalisation factor
We consider two distinguishable1 fermions of species a
and b prepared in a collective wavefunction of the form
|Ψ〉 =
∞∑
j,k=1
ωj,k|Aj , Bk〉, (1)
where we assume that the two-fermion state can be ex-
panded on a discrete set of single-fermion states, which is
fulfilled for bound states and also incorporates possible
spin-coupling. The bases {|Aj〉}, {|Bk〉} can be chosen
at will, and it is convenient to use the Schmidt decom-
position of |Ψ〉 [25], i.e. to choose two particular single-
particle bases |aj〉 and |bj〉 with
|Ψ〉 =
S∑
j=1
√
λj |aj , bj〉, (2)
λ1 ≥ λ2 ≥ · · · ≥ 0,
S∑
j=1
λj = 1, (3)
where the ordering of the S Schmidt coefficients λj is
imposed for convenience such that λ1 be the largest coef-
ficient in the distribution Λ = (λ1, . . . , λS), and S is not
necessarily finite. The λj coincide with the eigenvalues
of either reduced single-fermion density matrix,
ρˆ(a) =
S∑
j=1
λj |aj〉〈aj |, ρˆ(b) =
S∑
j=1
λj |bj〉〈bj |. (4)
1 In our context, a state of two indistinguishable fermions
can always be mapped formally onto distinguishable fermi-
ons [24]. Our subsequent discussion therefore applies to dis-
tinguishable and indistinguishable fermions in a similar fash-
ion. For composites made of two bosons, however, we expect
differences between distinguishable and indistinguishable bo-
sons due to multiply populated single-boson states [23].
We treat a pair of fermions in the state |Ψ〉 as a cobo-
son, for which we can define an approximate creation
operator in second quantization [3]
cˆ† =
S∑
j=1
√
λj aˆ
†
j bˆ
†
j =:
S∑
j=1
√
λj dˆ
†
j , (5)
where aˆ†j (bˆ
†
j) creates a fermion in the Schmidt-mode |aj〉
(|bj〉). The operator dˆ†j creates a bi-fermion in a product
state, i.e. a pair of two fermions in their respective mode
j. While such creation and annihilation operators com-
mute, [
dˆj , dˆk
]
=
[
dˆ†j , dˆ
†
k
]
= 0, (6)
bi-fermions also obey the Pauli principle, such that(
dˆ†j
)2
=
(
dˆj
)2
= 0. (7)
As a consequence, the operators cˆ, cˆ† do not fulfil the
ideal bosonic commutation relation, but obey [3]
[cˆ, cˆ†] = 1−
S∑
j=1
λj(aˆ
†
j aˆj + bˆ
†
j bˆj). (8)
An N -coboson state is obtained by the N -fold ap-
plication of the creation operator (5) on the vacuum [3],
|N〉 =
(
cˆ†
)N√
χΛN N !
|0〉, (9)
where χΛN ≤ 1 is the coboson normalisation factor [3,
11, 26], which ensures that |N〉 is normalised to unity.
Inserting the definition of the coboson creation operator
(5) into (9), we find
|N〉 = 1√
χΛNN !
1≤jm≤S∑
j1 6=j2···6=jN
N∏
k=1
√
λjk dˆ
†
jk
, (10)
where terms with repeated indices jm = jk do not con-
tribute, due to the Pauli principle ensured by Eq. (7). In
other words, the N -coboson state is a superposition of
N bi-fermions that are distributed among the bi-fermion
Schmidt modes. Each distribution of the bi-fermions in
the modes is weighted by N ! coherently superposed amp-
litudes.
2.2 Algebraic properties of the normalisation factor
By evaluating the norm of the N -coboson state in
Eq. (10), one obtains a closed expression for the cobo-
son normalisation factor χΛN as the elementary symmet-
ric polynomial of degree N in the Schmidt coefficients Λ
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[27]:
χΛN = Ω{1 . . . 1︸ ︷︷ ︸
N
}, (11)
Ω{x1 . . . xN} = N !
∑
1≤p1<···<pN≤S
N∏
k=1
λxkpk , (12)
where the latter can be expressed recursively
Ω{x, 1 . . . 1︸ ︷︷ ︸
K
} = M(x)Ω{1 . . . 1︸ ︷︷ ︸
K
} −KΩ{x+ 1, 1 . . . 1︸ ︷︷ ︸
K−1
},(13)
with the help of the power-sums of order 1 to N ,
M(k) =
S∑
j=1
λkj , M(2) ≡ P, M(1) = 1. (14)
Alternatively, the Newton-Girard identities [13, 27] can
be used,
χΛN = (N − 1)!
N∑
m=1
(−1)1+mχΛN−m
(N −m)! M(m), (15)
which are more suitable in practice than Eqs. (12,13).
The computation of χN becomes significantly sim-
pler when all Schmidt coefficients in a distribution Λ
are identical. In this case, all summands in Eq. (12) are
equal, and counting the number of terms gives
χΛN = λ
N S!
(S −N)! for Λ = (λ . . . λ︸ ︷︷ ︸
S
), (16)
which can be combined with [23]
χ
(λ1...λS)
N =
N∑
M=0
χ
(λ1...λL)
M χ
(λL+1...λS)
N−M
(
N
M
)
, (17)
to quickly yield χΛN for distributions Λ with large
Schmidt coefficient multiplicities.
2.3 Bosonic behaviour in relation to the normalisation
ratio
The normalisation ratio χΛN+1/χ
Λ
N [3] determines the bo-
sonic quality of a state of N cobosons. For an intuitive
picture, consider one summand in Eq. (10), in which the
N bi-fermions occupy the modes j1, . . . , jN . In order to
add an N + 1st coboson to the state |N〉, we need to
accommodate it among the S −N unoccupied Schmidt
modes. The probability that the added bi-fermion suc-
cessfully ends up in an unoccupied Schmidt mode is then
the sum of the coefficients associated to these unoccu-
pied modes,
∑
m/∈{j1,...,jN} λm. This argument can be re-
peated for each configuration j1, . . . , jN , and the success
probability to add an N + 1st coboson to an N -coboson
state becomes
1
χΛN
1≤jm≤S∑
j1 6=j2···6=jN
N∏
k=1
λjk
 ∑
m/∈{j1,...,jN}
λm

=
1
χΛN
1≤jm≤S∑
j1 6=j2···6=jN 6=jN+1
N+1∏
k=1
λjk =
χΛN+1
χΛN
, (18)
which is reflected by the sub-normalisation of the state
obtained upon application of the creation operator cˆ† on
the N -coboson state [12]
cˆ†|N〉 =
√
χΛN+1
χΛN
√
N + 1|N + 1〉. (19)
On the other hand, the annihilation of a coboson in
an N -coboson state yields a state that contains a com-
ponent orthogonal to the (N − 1)-coboson state [3],
cˆ|N〉 =
√
χΛN
χΛN−1
√
N |N − 1〉+ |N 〉, (20)
with
〈N |N 〉 = 1−N χ
Λ
N
χΛN−1
+ (N − 1)χ
Λ
N+1
χΛN
. (21)
Combining the relations (19) and (20), one finds the ex-
pectation value of the commutator (8) on an N -coboson
state [3, 10, 13],
〈N | [cˆ, cˆ†] |N〉 = 1− 2 S∑
j=1
λj〈N |nˆj |N〉
= 2
χΛN+1
χΛN
− 1, (22)
where nˆj = dˆ
†
j dˆj counts the number of bi-fermions in
mode j. For an ideal boson, Eq. (22) will equate to unity.
Since all observable bosonic behavior is borne by the
bosonic commutation relations, values of χΛN+1/χ
Λ
N close
to unity witness a statistical behaviour that is close to
the ideal bosonic one, while deviations from unity come
with observable consequences that are induced by the
statistics of the constituent fermions [15–17, 20, 28].
3 Bounds on the normalisation factor and ratio
Given a wavefunction |Ψ〉 of two distinguishable fermi-
ons, one can, in principle, diagonalise one reduced single-
fermion density matrix ρˆ(a/b) to obtain the distribution
Λ, and compute χN with the help of the previous for-
mulae, Eqs. (11,12,15,16,17).
In practice, however, even if the full distribution Λ
or all relevant power-sums M(2) . . .M(N) are actually
known, the evaluation of the normalisation factor χN
4 Malte C. Tichy et al.
is unfeasible for very large numbers of cobosons: Using
Eq. (15), for example, the computation of χN requires
the knowledge of all χM with M < N . Already for a
harmonically trapped condensate of hydrogen atoms, the
exact approach turns out to be unfeasible [12].
A characterisation of χN in terms of few, well-
accessible quantities, such as the largest eigenvalue λ1
and the purity P of the reduced single-fermion density
matrix is therefore essential in practice. The largest ei-
genvalue can be approximated via power iteration [25],
while the purity is basis-independent and fulfils P =
Tr[ρˆ2(a)] = Tr[ρˆ
2
(b)]. Full diagonalisation of ρˆ(a/b) is not
necessary for either quantity, while both bear clear phys-
ical meaning as quantifier of entanglement: The Schmidt
number [4, 29] is defined as K = 1/P , the geometric
measure of entanglement [30] fulfils EG = 1− λ1.
Upper and lower bounds to the normalisation factor
χΛN and to the normalisation ratio χ
Λ
N+1/χ
Λ
N in terms
of P and λ1 are therefore highly desirable, not only to
permit the efficient evaluation of χN in practice, but
also to provide a better physical understanding of the
connection between quantum entanglement and bosonic
behavior.
Bounds as a function of the single-fermion purity
P ≡ M(2) = Tr(ρˆ(a/b)) were put forward previously
[10, 12, 13, 24]. In the regime P  1/N2, the bounds
are efficient and tightly confine the possible values of χN
and χN+1/χN [24]. For moderate values of P ∼ 1/N ,
however, the upper and lower bounds differ consider-
ably, i.e. the compounds are not well-characterised by P
alone, and higher-order power-sums M(m ≥ 3) become
important in the expansion in Eq. (15).
Here, we formulate bounds that depend on P and
on the largest Schmidt coefficient λ1. Existing bounds
[10, 12, 24] emerge naturally as extremal cases in the
limit of the minimal and maximal value of λ1 for a
given P . The extremal distributions of Schmidt coeffi-
cients that emerge below coincide with the ones derived
in Ref. [23] for two-boson composites. The alternating
sign in Eq. (15), however, has no analogy for two-boson
compounds, such that the approach of Ref. [23] needs to
be adapted to fit the present case.
3.1 Lower bound in P and λ1
We assume that we are given a distribution Λ with
largest Schmidt coefficient λ1 and purity P . The distri-
bution Λmin(P, λ1) that minimises χN under these con-
straints is derived in Appendix A.
The resulting minimising distribution Λmin(P, λ1)
[23] contains S non-vanishing Schmidt coefficients, with
λ1 ≥ λ2 = λ3 = · · · = λS−1 ≥ λS , and
S = 1 +
⌈
(1− λ1)2
P − λ21
⌉
. (23)
The normalisation in Eq. (3) and the fixed purity P im-
ply for the Schmidt coefficients λj
λ1 + (S − 2)λ2 + λS = 1,
λ21 + (S − 2)λ22 + λ2S = P . (24)
With
R =
√
(S − 2)(λ1(2− Sλ1) + (S − 1)P − 1), (25)
the relevant solution to Eq. (24) is [23]
λ2,...,S−1 =
1− λ1
S − 1 +
R
(S − 2)(S − 1) ,
λS =
1− λ1 −R
S − 1 , (26)
where λ1 ≥ λ2 ≥ λS is fulfilled by construction.
Given such distribution of three distinct Schmidt coefficients λ1, λ2, λS with multiplicities 1, S−2, 1, respectively,
we can compute χ
Λmin(P,λ1)
N using Eqs. (16,17):
χ
Λmin(P,λ1)
N = λ
N−2
2 [(N − S)λ2((N − S + 1)λ2 −N(λ1 + λS)) + (N − 1)Nλ1λS ]
(S − 2)!
(S −N)! , (27)
where we used 1/k! = 0 for k < 0. Given λ1 and P , this expression can be readily evaluated, even for large values of
N .
Consistent with the Pauli-principle, it is impossible to populate S Schmidt modes with N > S bi-fermions, which
is ensured by the factor 1/(S −N)! in Eq. (27). In general, Eq. (23) imposes
2 +
⌈
(1− λ1)2
(P − λ21)
⌉
≤ N ⇒ χΛmin(λ1,P )N = 0. (28)
The normalisation ratio χ
Λmin(P,λ1)
N+1 /χ
Λmin(P,λ1)
N is a monotonically increasing function of S. We can therefore
obtain a simpler, however slightly weaker, lower bound for Eq. (27) by setting S = 1 + (1 − λ1)2/(P − λ21), i.e. we
omit the ceiling-function in Eq. (23):
χ
Λmin(λ1,P )
N ≥
Γ
[
(1−λ1)2
P−λ21
]
Γ
[
2−N + (1−λ1)2
P−λ21
] (1 + (N − 2)λ1 − P (N − 1))(P − λ21
1− λ1
)N−2
, (29)
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which is only applicable for 1 +
⌈
(1−λ1)2
(P−λ21)
⌉
≥ N [see Eq. (28)]. For values of P and λ1 for which (1− λ1)2/(P − λ21)
is integer, the smooth lower bound Eq. (29) exactly coincides with the exact expression, Eq. (27).
3.2 Upper bound in P and λ1
In strict analogy to the last section, we construct the dis-
tribution Λmax(λ1, P ) that maximises the normalisation
constant χN for fixed λ1 and P in Appendix B.
In Λmax(λ1, P ) [23], the multiplicity of λ1 is chosen
as large as possible, i.e. λ1 is repeated L − 1 times,
with L = dP/λ21e. The Lth coefficient is then max-
imised, while the remaining S − L coefficients fulfil
λ1 = λ2 = · · · = λL−1 ≥ λL ≥ λL+1 = · · · = λS . To en-
sure normalisation [Eq. (3)] and satisfy M(2) = P , we
have
(L− 1)λ1 + λL + (S − L)λS = 1,
(L− 1)λ21 + λ2L + (S − L)λ2S = P. (30)
With
R′ =
√
(S − L)(P (S + 1− L)− 1 + (L− 1)λ1(2− λ1S)),
we find the relevant solution for λL and λS [23],
λL =
1− (L− 1)λ1 +R′
S + 1− L ,
λS =
1− (L− 1)λ1
S + 1− L −
R′
(S − L)(S + 1− L) , (31)
where, in order to ensure λS , λL ≥ 0, S needs to fulfil
S >
(L− 1)P + 1− 2(L− 1)λ1
P − (L− 1)λ21
. (32)
Using Eqs. (17,16), the normalisation factor for the
maximising distribution becomes
χ
Λmax(P,λ1)
N
Eq.(17)
=
N∑
K=0
N−K∑
M=0
χ
(λ1,...,λ1)
M χ
(λL)
K χ
(λS ,...,λS)
N−M−K
(
N
M,K
)
Eq.(16)
=
1∑
K=0
N−K∑
M=0
(L− 1)!
(L− 1−M)!
(S − L)!
(S − L− (N −K −M))!λ
M
1 λ
K
L λ
N−M−K
S
(
N
M,K
)
, (33)
where
(
X
Y,Z
)
= X!Y !Z!(X−Y−Z)! is the multinomial coefficient. Since this expression is an increasing function of S, we
maximise it in the limit S →∞. Defining λΣ as the sum of all infinitesimal coefficients λS in that limit, we find
λΣ = (1− (L− 1)λ1 −
√
λ21(1− L) + P ), lim
S→∞
χ
(λS ,...,λS)
N−M−K = λ
N−M−K
Σ , (34)
which gives
χ
Λmax(P,λ1)
N =
1∑
K=0
N−K∑
M=0
(L− 1)!
(L− 1−M)!λ
M
1 λ
K
L λ
N−M−K
Σ
(
N
M,K
)
= (−λ1)L−1λN−LΣ
[
NλL U
(
1− L, 1− L+N,−λΣ
λ1
)
+ λΣ U
(
1− L, 2− L+N,−λΣ
λ1
)]
, (35)
where U(a, b, z) is Tricomi’s confluent hypergeometric function [31], which allows fast numerical evaluation in practice.
Using λ1 ≥ λL, we find a simpler upper bound to the above expression:
χ
Λmax(P,λ1)
N ≤
min(N,bL˜c+1)∑
M=0
Γ
(
L˜+ 1
)
Γ
(
L˜−M + 1
)λM1 λN−MΣ (NM
)
, (36)
where L˜ = P/λ21 (note the omitted ceiling-function), and λΣ is evaluated for L = L˜. The last expression coincides
with Eq. (35) when P/λ21 is integer, since in that case L = L˜ and λL = λ1.
We compare the tight saturable bounds, Eqs. (27)
and (35), with their respective smooth approximations,
Eqs. (29) and (36), in Fig. 1.
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Figure 1 Exact values of the normalisation ratio χN+1/χN
for the minimising and maximising distribution [black solid
lines, computed using Eqs. (27,35)] and smooth upper and
lower bounds [blue dashed lines, Eqs. (29,36)]. Upper row:
N = 4, lower row: N = 10. Left column: Fixed purity P ,
the normalisation ratio is shown as a function of the largest
Schmidt coefficient λ1. Right column: Fixed λ1, the normal-
isation ratio is shown as a function of P . The normalisation
ratio of any distribution Λ with P and λ1 is restricted to the
shaded range delimited by the black solid line.
3.3 Bounds in P
The parameters λ1 and P cannot be chosen independ-
ently, since, by construction [23],
P ≤ λ1,min(P ) ≤ λ1 ≤ λ1,max(P ) =
√
P , (37)
where
λ1,min(P ) =
1⌈
1
P
⌉ (√P ⌈ 1P ⌉− 1⌈
1
P
⌉− 1 + 1
)
. (38)
We obtain P -dependent and λ1-independent upper
(lower) bounds to χN and χN+1/χN by fixing P and
setting the largest Schmidt coefficient to its extremal
value, λ1,max(min)(P ).
3.3.1 Upper bound in P We maximise the normalisa-
tion factor and ratio by choosing λ1 = λ1,max(P ) =
√
P .
The minimising distribution Λmin(P, λ1) and the max-
imising distribution Λmax(P, λ1) then both converge to
the peaked distribution [24], Λpeak(P ), given by the limit
S →∞ of
λ1,peak =
1 +
√
(S − 1)(SP − 1)
S
,
λj∈{2...S},peak =
1− λ1,peak
S − 1 . (39)
Via Eqs. (16,17), we recover the P -dependent upper
bound [24]
χ
Λpeak(P )
N = (1−
√
P )N−1
[
1 + (N − 1)
√
P
]
. (40)
3.3.2 Lower bound in P The normalisation factor
and ratio are minimised for fixed P by choosing
λ1 = λ1,min(P ), as given by Eq. (38). In this case, both
distributions Λmin(P, λ1) and Λmax(P, λ1) become the
uniform distribution [24], Λuni(P ), with S = L =
⌈
1
P
⌉
non-vanishing Schmidt coefficients given by
λj∈{1...L−1},uni = λ1,min(P ),
λL,uni = 1− λ1,min(P )(L− 1). (41)
Using Eqs. (16,17), we recover the lower bound [24]
χ
Λuni(P )
N =
λN−11,uni(L− 1)!
(L−N)! [N − Lλ1,uni(N − 1)] . (42)
3.4 Bounds in λ1
The constraints on λ1 and P in Eq. (37) can be re-
formulated as constraints on P :
λ21 = Pmin(λ1) ≤ P ≤ Pmax(λ1) ≤ λ1 (43)
where
Pmax(λ1) = λ
2
1
⌊
1
λ1
⌋
+
(
1− λ1
⌊
1
λ1
⌋)2
. (44)
We obtain λ1-dependent and P -independent upper
(lower) bounds to the normalisation ratio and factor by
choosing Pmin(max)(λ1).
3.4.1 Upper bound in λ1 For P = Pmin(λ1), the distri-
butions Λmin/max(P, λ1) become a peaked distribution,
Λpeak(Pmin(λ1)), with the first Schmidt coefficient λ1
and (S − 1) coefficients of magnitude (1 − λ1)/(S − 1).
In the limit S →∞ the normalisation factor reads
χ
Λpeak(Pmin(λ1))
N = (1− λ1)N−1(1 + (N − 1)λ1). (45)
Since λ1 ≤
√
P , this upper bound is always larger
(i.e. weaker) than the upper bound in P given by
Eq. (40):
χ
Λpeak(Pmin(λ1))
N ≥ χΛpeak(P )N , (46)
for any pair (P, λ1) fulfilling Eq. (37).
3.4.2 Lower bound in λ1 We find a lower bound in λ1
by setting P = Pmax(λ1), as given by Eq. (44). The res-
ulting distribution contains the largest possible multipli-
city of λ1, i.e. it contains L−1 = S−1 =
⌊
1
λ1
⌋
coefficients
of magnitude λ1 and one of magnitude
(
1−
⌊
1
λ1
⌋
λ1
)
.
The resulting normalisation factor fulfils
χ
Λuni(Pmax(λ1))
N =
λN−11 (L− 1)!
(L−N)! [N − λ1L(N − 1)] .(47)
In analogy to Eq. (46), this lower bound in λ1 is always
smaller (i.e. weaker) than the corresponding bound in P :
χ
Λuni(Pmax(λ1))
N ≤ χΛuni(P )N , (48)
due to P ≤ Pmax.
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⇤uni(Pmax( 1)) ⇤uni(P ) ⇤min( 1, P ) ⇤ ⇤max( 1, P ) ⇤peak(P ) ⇤peak(Pmin( 1))
Figure 2 Hierarchy of minimising and maximising distributions. The circle diameters correspond to the magnitude of a
Schmidt coefficient λj , and the fraction of filled area in each large circle is the purity P of the respective distribution. A
distribution Λ, with λ1 = 0.3 and P = 0.2 (center) leads to a normalisation factor χN that is bound from below and from
above by the χN evaluated for the distributions on the left and on the right, respectively. The order of the distributions
reflects the hierarchy of Eq. (49). All circles that correspond to λ1 are filled with dark red and marked with white arrows.
The resulting normalisation ratios χN+1/χN obey the same hierarchy, as illustrated by the intersections of the vertical lines
(i) with the three minimising and the three maximising limits in Fig. 3. The normalisation ratio of Λ then lies on (i) within
the shaded area.
4 Summaries of the bounds and discussion
Examples for all pertinent distributions are shown in
Fig. 2: A randomly chosen distribution Λ (middle panel)
with specified λ1 and P leads to a certain normalisation
factor χΛN , which is bound from below by the distribu-
tions on the left and from above by those from the right,
successively. Summarising the attained values for the
normalisation factor given in Eqs. (27,35,40,42,45,47),
we obtain our main result,
χ
Λuni(Pmax(λ1))
N ≤ χΛuni(P )N ≤ χΛmin(λ1,P )N
≤ χΛN ≤ (49)
χ
Λmax(λ1,P )
N ≤ χΛpeak(P )N ≤ χΛpeak(Pmin(λ1))N .
This hierarchy of consecutively tighter bounds is imme-
diately inherited by the normalisation ratio χN+1/χN
in full analogy, which quantitatively answers our initial
question, “How bosonic is a pair of fermions?”, in terms
of P and λ1.
In order to obtain a physical understanding of these
bounds, a combinatorial approach is instructive: The
normalisation factor χN can be interpreted as the prob-
ability that a collection of N objects that are each given
a property j with probability λj does not contain any set
of two or more objects with the same property [24] (for
S = 365 and λj = 1/365, we recover the “birthday prob-
lem” [32]). In our physical context, no two or more bi-
fermions are allowed to occupy the same Schmidt mode.
The Pauli principle, enforced by Eq. (7), implies that the
emerging N -coboson state in Eq. (10) does not contain
any such terms describing multiple occupation. The lack
of these terms then needs to be accounted for by the
normalisation factor χN .
4.1 Entanglement and bosonic behavior
Combinatorially speaking, the purity P represents the
probability that two randomly chosen objects possess
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Figure 3 Upper and lower bounds to the normalisation ra-
tio χN+1/χN as a function of λ1 (left panels) and P (right
panels), for N = 3 (top row) and N = 30 (bottom row). Red
dashed lines correspond to bounds in λ1 alone, Eqs. (45,47);
blue dotted lines show the bounds in P alone, Eq. (40,42).
The combined bounds, Eqs. (27,35), are shown as solid black
lines, the shaded area is the range allowed for general distri-
butions Λ with given λ1 and P . The bounds in P are always
superior to those in λ1. By setting P (left panel) or λ1 (right
panel), the possible values of λ1 and P , respectively, are con-
strained by Eqs. (37) and (43). The solid vertical lines in the
upper panels indicate those values for which the maximising
and minimising distributions are depicted in Fig. 2 [solid red
lines (i), λ1 = 0.3, P = 0.2] and Fig. 4 [solid dark blue lines,
P = 0.2, (a) λ1 = 0.215, (b) λ1 = 0.42]. The vertical lines
(ii) in the lower panel indicate corresponding values of P and
λ1.
the same property (it is therefore also called the colli-
sion entropy). Here, it reflects the probability that the
wavefunction vanishes upon two bi-fermions competing
for the same Schmidt mode. Therefore, the P -dependent
bounds on χN decrease monotonically with increasing
P (blue dotted lines in the right panels of Fig. 3). Lar-
ger entanglement, characterised by a smaller purity P ,
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is therefore tantamount to a more bosonic composite
[3, 12, 24].
Similarly, the λ1-dependent bounds decrease with in-
creasing λ1 (red dashed lines in the left panels of Fig. 3).
Consistently, an increase of λ1 also leads to weaker geo-
metric entanglement, EG = 1− λ1. This connection un-
derlines, again, the relationship between quantum en-
tanglement and the bosonic behavior of composites.
The knowledge of λ1 alone leaves a finite range
for possible values of P [see Eq. (43)]: The remaining,
unknown Schmidt coefficients λ2 . . . λS may be many
and small, or few and large (compare the distribution
Λuni(Pmax(λ1)) to Λpeak(Pmin(λ1)) in Fig. 2). Indeed,
the main sources of deviation from bosonic behavior are
binary “collisions” of bi-fermions, which is directly quan-
tified by P . Therefore, bounds in λ1 are always weaker
than bounds in P ; in the formalism of quantum informa-
tion, the purity P is more decisive than the overlap with
the closest separable state, λ1.
The knowledge of both, λ1 and P , yields a consider-
able enhancement over bounds in P alone (black solid
lines in Fig. 3). In particular, the range of possible χN
becomes narrower for extremal values of P or λ1, for
which the minimising and maximising distributions re-
semble each other, as in Fig. 4. In this case, λ1 and P
strongly constrain the remaining Schmidt coefficients.
In view of the clear dependence of χN on P and
λ1, it is remarkable that the combined bound in P and
λ1 features an increase of the bosonic quality χN and
χN+1/χN with λ1 (Fig. 3). This increase, however, is due
to the fixed purity P : By increasing the largest Schmidt
coefficient λ1, all other Schmidt coefficients need to de-
crease in order to keep P constant, which naturally in-
creases the total accessible number of Schmidt modes,
and, consequently, χN . More formally speaking, χN ac-
tually increases with M(3), as can be inferred from
Eqs. (13,15) [13].
(a) (b)
 1 = 0.215  1 = 0.42
⇤min ⇤max ⇤min ⇤max
Figure 4 Minimising and maximising distributions
Λmin/max, for close-to-extremal values of λ1 and
fixed P = 0.2. (a) λ1 = 0.215 ' λ1,min(P ). (b)
λ1 = 0.42 / λ1,max(P ). The emerging bounds correspond to
the black solid lines in Fig. 3 at the intersections with arrows
(a) and (b), respectively. For λ1 → λ1,max(min)(P ), the
distributions converge to the peaked (uniform) distribution
(compare to the corresponding sketches in Fig. 2).
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Figure 5 Upper and lower bounds to (1 − χN+1/χN ),
i.e. to the deviation from ideal bosonic behaviour, as a
function of N . The color-code is the same as in Fig. 3. In
all panels, P = 0.001, i.e. the bounds in P alone (blue dot-
ted) do not change. We choose different values of λ1:
(a) λ1 = 0.9λ1,min(P ) + 0.1λ1,max(P ) ≈ 0.0041.
(b) λ1 = 0.5λ1,min(P ) + 0.5λ1,max(P ) ≈ 0.0163.
(c) λ1 = 0.1λ1,min(P ) + 0.9λ1,max(P ) ≈ 0.0286.
(d) λ1 = 0.01λ1,min(P ) + 0.99λ1,max(P ) ≈ 0.0313.
4.2 Limit of large coboson numbers N
In Fig. 5, we show the deviation from the ideal value
χN+1/χN = 1 as a function of the number of cobosons
N . While the upper and lower bounds in P converge
for small values of N < 1/
√
P , bounds in λ1 do not:
For small particle numbers, the coboson behaviour is
essentially defined by the binary collision probability, i.e.
by the purity P . The magnitude of the largest Schmidt
coefficient λ1 is secondary. For large particle numbers
N > 1/
√
P , the knowledge of λ1 then fixes the possible
range of M(3), which constrains the accessible values of
the normalisation ratio. Again, very large or very small
values of λ1 lead to a tighter confinement of the range of
possible χN+1/χN than intermediate values of λ1, as can
be seen by comparing the panels in Fig. 5. In general, λ1
and P determine to a wide extent up to which number
of cobosons N a condensate of two-fermion composites
still behaves bosonically [6, 33].
In comparison to the bounds on the normalisation
factor for cobosons made of two elementary bosons [23],
the role of the λ1-dependent bounds is exchanged: for
two-fermion cobosons, χN is maximised (minimised) by
choosing the smallest (largest) possible purity for a given
λ1; for two-boson cobosons, the normalisation factor in-
stead increases with the purity. As a consequence, the
clear hierarchy of bounds expressed by Eq. (49) is absent
for two-boson cobosons [23]. This dependence is due to
the possibility for multiple occupation of Schmidt modes
by bosonic constituents, forbidden by the Pauli principle
for fermionic constituents. Furthermore, when the num-
ber of cobosons N is large, N > 1/λ1, the behaviour of
two-boson bosons is very well defined by λ1 alone, and
the multiple occupation of the most prominent Schmidt
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mode dominates the picture, a process without analogy
in the present two-fermion case.
5 Conclusions and outlook
Starting with the general description of a two-fermion
composite in Eqs. (2,5), we confined the quantitative
indicator χN+1/χN for the bosonic behaviour of the
resulting coboson. For a fixed purity P , the immedi-
ate difference between the state that minimises and the
state that maximises χN is the magnitude of the largest
Schmidt coefficient, which is of the order of P for the
minimal, uniform distribution, and
√
P for the max-
imal, peaked distribution [24]. Therefore, the additional
constraint on λ1 can considerably enhance P -dependent
bounds [10, 12, 24].
Our bounds strengthen the relation between
quantum entanglement and the bosonic quality of bi-
fermion pairs, first established in Ref. [3]: Not only is
the purity P a quantitative indicator for bosonic be-
havior [3, 12, 13, 24], but so is the geometric measure
of entanglement [30], which can be expressed here as a
function of λ1.
Depending on the application, the single-fermion
purity P , the largest eigenvalue λ1 of the single-fermion
density matrix ρˆ(a/b), or both may be known. We can
formulate a clear hierarchy: Knowledge of P is more
valuable than the knowledge of λ1 alone, whereas the
combination can greatly enhance the bounds, depend-
ing on the value of the involved parameters. The effect
of compositeness are observable in any physical observ-
able that is affected by the commutation relation (22),
such as, e.g., bosonic signatures in multiparticle interfer-
ence [15].
Our method can be extended to formulate even
stronger bounds that depend on the purity P and on
the m largest Schmidt coefficients λ1 ≥ λ2 ≥ · · · ≥ λm:
In close analogy to the procedure in [24] (see Appendix
A and B), minimising and maximising distributions can
be constructed, and the resulting normalisation factors
can be computed. The increased accuracy will, however,
come at the expense of an increased computational cost,
since a larger number of distinct Schmidt coefficients (up
to m+ 2 when we fix the m largest coefficients and the
purity P ) also leads to a larger number of sums when
Eq. (17) is applied.
Another desideratum is the extension of the present
bounds to multi-fermion systems in order to character-
ise, e.g., α-particles in extreme environments [34, 35].
The absence of the Schmidt decomposition, Eq. (2), for
multipartite states [4] makes this task, however, rather
challenging. In particular, a simple combinatorial inter-
pretation of the normalisation constant seems to be ex-
cluded for such composites.
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A Appendix: Minimising distribution
For completeness, we reproduce the proofs from the Ap-
pendix of Ref. [24], adapting the argument to our situ-
ation in which not only the purity P is fixed, but also
the largest Schmidt coefficient λ1.
A.1 Uniforming operation
Following an analysis of the birthday-problem with non-
uniform birthday probabilities [32], we define a uniform-
ing operation Γu on the distribution Λ that can modify
three selected λj with indices 2 ≤ j1 < j2 < j3 ≤ S (i.e.
the operation never acts on the first Schmidt coefficient
λ1, since its value is fixed, by assumption). We will show
that this operation always decreases χN , and specify the
distribution Λmin(P, λ1) that remains invariant under
the application of Γu. This distribution thus minimises
χΛN under the constraints (P, λ1).
The operation Γu modifies three coefficients in a dis-
tribution,
Γu : (λj1 , λj2 , λj3)→ (λuj1 , λuj2 , λuj3), (50)
such that it leaves
K1 = λj1 + λj2 + λj3 ,
K2 = λ
2
j1 + λ
2
j2 + λ
2
j3 , (51)
invariant, and, consequently, also
∑
j λj = 1 and∑
j λ
2
j = P . The third power-sum, M(3) =
∑
j λ
3
j , on
the other hand, is changed by Γu. Specifically,
λuj1 = λ
u
j2 =
1
6
(
2K1 +
√
6K2 − 2K21
)
,
λuj3 =
1
3
(
K1 −
√
6K2 − 2K21
)
. (52)
In the case K21 < 2K2, in order to avoid λ
u
j3
< 0, we
need to set
λuj1/j2 =
1
2
(
K1 ±
√
2K2 −K21
)
, (53)
λuj3 = 0.
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A.1.1 The product λj1λj2λj3 decreases under Γ
u It
holds
λuj1λ
u
j2λ
u
j3 ≤ λj1λj2λj3 . (54)
Proof: We write the left- and right-hand side of (54)
in terms of K1,K2 and λj1
λuj1λ
u
j2λ
u
j3 =
=

1
108
(
K1 −
√
6K2 − 2K21
)
×
(
2K1 +
√
6K2 − 2K21
)2
for K21 > 2K2
0 for K21 ≤ 2K2
(55)
λj1λj2λj3 =
1
2
λj1
(
2λ2j1 − 2λj1K1 +K21 −K2
)
Given K1 and K2, the original λj2/j3 become func-
tions of λj1 ,
λj2/j3 =
1
2
(
K1 − λj1 ±
√
2λj1K1 −K21 − 3λ2j1 + 2K2
)
.
The requirement λj1 ≥ λj2 ≥ λj3 ≥ 0 imposes
K1
3
+
√
3K2 −K21
3
√
2
≤ λj1 ≤
K1
3
+
√
6K2 − 2K21
3
.(56)
The values of λ1 constrained to this interval then fulfil
Eq. (54). uunionsq
A.1.2 χΛN decreases upon application of Γ
u Upon ap-
plication of Γu, the normalisation constant χN and the
normalisation ratio χN+1/χN can only decrease:
χ
Γu(Λ)
N ≤ χΛN , (57)
χ
Γu(Λ)
N+1
χ
Γu(Λ)
N
≤ χ
Λ
N+1
χΛN
. (58)
Proof: To ease notation in the following, we exem-
plarily choose j1 = 2, j2 = 3, j3 = 4 and set
χ˜N = χ
(λ1,λ5,...,λS)
N , (59)
which allows us to write χN as
χN = λ2λ3λ4 · χ˜N−3 + (λ2λ3 + λ4λ3 + λ2λ4)χ˜N−2
+(λ2 + λ3 + λ4)χ˜N−1 + χ˜N . (60)
The terms
λ2λ3 + λ4λ3 + λ2λ4 =
1
2
(
K21 −K2
)
, (61)
λ2 + λ3 + λ4 = K1, (62)
and χ˜k∈{N−3,...,N} remain invariant under the applica-
tion of Γu, whereas the product λ2λ3λ4 decreases, due
to Eq. (54). Consequently, also χΛN decreases upon the
application of Γu.
Using χN+1 ≤ χN , one can easily show in analogy
to Ref. [24] that the inequality (57) is inherited by the
normalisation ratio (58). uunionsq
A.2 Properties of the minimising distribution
The distribution Λmin(P, λ1) that minimises χN for fixed
λ1 and P should remain invariant under the applica-
tion of Γu, for all choices of 2 ≤ j1, j2, j3 ≤ S. By the
definition of Γu, we see that any three coefficients with
λj1 > λj2 = λj3 never constitute a fixed point of Γ
u.
Therefore, the invariant distribution is of the form
λ1 ≥ λ2 = · · · = λS−1 ≥ λS . (63)
It coincides with the distribution found in Ref. [23].
B Appendix: Maximising distribution
B.1 Peaking operation
With K1 and K2 defined as in Eq. (51) above, we
define the peaking operation Γ p as follows [24]: For
K1 +
√
6K2 − 2K21 ≤ 3λ1, we set
λpj1 =
1
3
(
K1 +
√
6K2 − 2K21
)
,
λpj2 = λ
p
j3
=
1
6
(
2K1 −
√
6K2 − 2K21
)
. (64)
If K1 +
√
6K2 − 2K21 > 3λ1, the above definition leads
to λpj1 > λ1, which we excluded by assumption. In this
case, we define alternatively
λpj1 = λ1, (65)
λpj2/j3 =
K1 − λ1 ±
√
2(K2 − λ21)− (K1 − λ1)2
2
,
for which λ1 = λ
p
j1
≥ λpj2 ≥ λpj3 ≥ 0. In full analogy to
the discussion in Sections A.1.1, A.1.2, one shows that
χΛN ≤ χΓ
p(Λ)
N ,
χΛN+1
χΛN
≤ χ
Γp(Λ)
N+1
χ
Γp(Λ)
N
, (66)
i.e. the normalisation factor and ratio increase under the
application of Γ p.
B.2 Properties of the maximising distribution
The distribution Λmax(P, λ1) that maximises χN for
fixed λ1 and P is obtained as follows: We maximise the
multiplicity of λ1 in Λ, i.e. λ1 is repeated L − 1 times,
with L = dP/λ21e. The coefficients then need to fulfil
λ1 = · · · = λL−1 ≥ λL ≥ λL+1 = · · · = λS , (67)
to ensure that Λmax(P, λ1) be a fixed point of Γ
p. Again,
the distribution coincides with the one found in Ref. [23].
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